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Universality

Several quantum many body systems exhibit some
universality properties in the conductivity , which one
would like to mathematically derive starting from
microscopic models.

I will consider optical conductivity of two physical systems:
a) non integrable quantum spin chains b) graphene.

Solid state models provide concrete realizations of low
dimensional QFT models which can be studied by the
methods of constructive QFT.
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Universality in the optical conductivity in
graphene experiments

Nair Geim et al. Science (2008). The conductivity in a

frequency range β−1 << ω << Λ is σ0 = πe2

2h
(universality).

N-layer graphene σ0 = N πe2

2h
up a few percent.)

They measure the transparency T of light and from that the
conductivity T (ω) = 1/[(1 + 2πσ(ω)]2 (in the fig. called

G ((ω)). Between 2 and 3 eV σ(ω)
σ0

= 1.01± 0.03



Non integrable Quantum Spin chains

The Heisenberg XXZ spin chain H0 =

−
L−1∑
x=1

[JS1
x S1

x+1 + JS2
x S2

x+1 + J3S
3
x S3

x+1 − hS3
x ]

where Sα
x = σα

x /2 for i = 1, 2, . . . , L and α = 1, 2, 3, σα
x

being the Pauli matrices (J = 1).

The above model can be solved by Bethe ansatz, and it is
interesting to add a next-to-nearest neighbor interaction
breaking exact solvability, that is consider

H = H0 + H1

H1 = −λ
L−1∑
x=1

[S1
x S1

x+2 + S2
x S2

x+2 + S3
x S3

x+2]
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Linear response theory

By the Peierls substitution jx = S1
x S2

x+1 − S2
x S1

x+1 + λFx

where Fx is an expression quartic in the spin operators.

If ρx = S3
x − 1

2
and (j0x , j

1
x ) = (ρx , jx)

Kµ,ν
β,λ (p0, p) = lim

L→∞

∫ β

0

dx0e
−ip0x0 < ĵµx0,p

ĵνx0,p
>β,T

and < O >β= Tre−βHT
Tre−βH , Ox0 = eHx0Oe−Hx0 (imaginary

times), T denotes truncation and T denotes time ordering.

The susceptibility is defined as
κλ = limp→0 limp0→0 limβ→∞ K 00

β,λ(p).

Using the Jordan-Wigner transformation it can be written
in terms of fermions a±x .
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Conductivity

We consider the optical d.c. conductivity (Kubo formula)

σλ = lim
p0→0

lim
p→0

lim
β→∞

Dβ,λ(p)

ip0

where p = (p0, p) and

Dβ,λ(p) = [K 11
β,λ(p)+ < jD >β]

and
Dλ = lim

p0→0
lim
p→0

lim
β→∞

Dβ,λ(p)

is called Drude weight.

Give information in the optical regime.

The zero frequency limit should be take along the real axis
but we expect it makes no difference in the optical regime
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Conductivity in the XXZ chain

In the XXZ chain(J3 6= 0, λ = 0), Bethe ansatz provides
exact formulas (Yang-Yang ’66)

D0 =
π

µ̄

sin µ̄

2µ(π − µ̄)

κ0 =
µ̄

2π

1

(π − µ̄)
sin µ̄ vs,0 =

π

µ̄
sin µ̄

and cos µ̄ = −J3.

They verify the universal relation

D0/κ0 = v 2
s,0

If λ 6= 0 is the conductivity still infinite? Is the universal
relation still true?
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Conductivity in the non integrable case

Benfatto, Falco, Mastropietro Comm. Math.Phys. 2009;
PRL 2011; Mastropietro PRE 2013

Theorem.There exists ε < 1 such that, if |J3|, |λ| ≤ ε the
zero temperature Drude weight is non vanishing and
analytic in J3, λ; moreover

Dλ = K
vs,λ

π
κλ =

K

πvs,λ

with K =

1− 1

πvs,λ
[(J3 + 2λ)(1− cos 2pF ) + λ(1− cos 4pF ) + F ]

and vs = sin(pF ) + F̃ , sin pF = h and
|F | ≤ Cε2, |F̃ | ≤ Cε.



Conductivity in the non integrable case

Infinite conductivity at T = 0 for small J3, λ.

Universal relation
Dλ

κλ

= v 2
s,λ

which was conjectured by Haldane (1980), extending
previous ideas by Kadanoff and Wegner (1971) and Luther
and Peschel (1975).

At λ = 0 it reduces to the Bethe ansatz formulas (but no
use of Bethe ansatz is done) K−1 = 2(1− µ̄

π
) =

K−1 = 1 + 2J3

π
+ O(J2

3 ) and vs = 1 + O(J3)
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Conductivity in the non integrable case

Dλ is also connected to the critical exponents by exact
relations; for instance if X is the exponent of < S3

x S3
0 >

then

X = [
Dλκλ

π
]2

Other exponents are determined by X using the Kadanoff
relations which can be proven to be true in this model
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Lattice Ward Identites

By the commutation relations

−ip0 < ρ̂pâ
−
k â+

k+p >T +p < ĵpâ
−
k â+

k+p >T=

[
〈
â+
k â−k

〉
T
−
〈
â+
k+pâ

−
k+p

〉
T
]

−ip0K̂
0,0
λ (p) + pK̂ 10

λ (p) = 0

−ip0K̂
0,1
λ (p) + pDλ(p) = 0

This implies

K̂ 00
λ (p0, 0) = 0, Dλ(0, p) = 0

Relation between regularity of the FT of correlations and
conductivity; for instance if the FT is continuous the
Drude weight is vanishing (what is not not in the case).
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−
k â+
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Multiscale analysis

We perform a multiscale RG analysis and we get that the
current-current correlation K 0,1

β,λ(p) can be naturally
decomposed as sum of two terms where the second
contains also the irrelevant terms (Umklapp, non linear
bands)

K 1,1
λ (x) = K

(a)1,1
λ (x) + K

(b)1,1
λ (x)

and

|K (a)1,1
λ (x)| ≤ C

1 + |x|2

|K (b)1,1
λ (x)| ≤ C

1 + |x|2+θ
, θ > 0

Gram bounds (Caianiello (N. Cim. 1956); Gawedzski and
Kupiainen (CMP 1985)) and implementing Ward Identities
at each RG iteration (vanishing of beta function);
(Benfatto Mastropietro CMP 2005 )
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Sketch of the proof

The bound for K
(a)1,1
λ (x) are not sufficient to say the the

FT is bounded; moreover the contribution of the irrelevant
terms is O(1).

We need to exploit the idea of emerging symmetries
introducing a QFT model describing massless Dirac
femions with a momentum regularization and a non local
quartic interaction.

The analysis of the ultraviolet problem is done applying a
method applied by Lesniewski (CMP 1987) for the analysis
of the Yukava2 model; in the infrared one has to use Ward
identites and the asymtotic vanishing of the beta function.
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The effective QFT model

The effective QFT is expressed directly in terms of
Grassmann variables. If jµ = ψ̄xγµψx. The partition
function is (similar definition for the generating fnction) .∫

P(dψ(≤N))e λ̃∞
R

dxv(x−y)jµ,xjµ,y

where P(dψ(≤N)), where ψ = (ψ1, ψ−1) have propagator
χN(k) 6k

|k|2 with a smooth cut-off function vanishing for

|k| ≥ 2N and v(x− y) a short range symmetric interaction.

We can tune by implicit function theorem the bare
parameter λ∞ so that the exponents are the same (again

the vanishing of beta function is used) and K
(a)1,1
λ (x) is

equal to the correlations of this effective model up to
constants and setting c = vs .
Of course λ̃∞ is convergent series in λ depending on all
the details of the spin hamiltonian.
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Ward Identities for the QFT model

The advantage of this model is that it verifies an extra
chiral symmetry. By performing ψx,± → e iα±,xψx,±,
Dω = (−ip0 + ωcp), ω = ±, ρω = ψ+

ωψ
−
ω , in the limit

N →∞

Dω < ρ̂p,ωψ̂
+
k,ω′ψ̂

−
k+p,ω′ > +∆N(k,p) =

δω,ω′[< ψ̂+
k,ω′ψ̂

−
k,ω′ > − < ψ̂+

k+p,ω′ψ̂
−
k+p,ω′ >]

∆N =
∫

dkdpCN(k,p) < ψ̂+
k′,ωψ̂

−
k′+p,ωψ̂

+
k,ω′ψ̂

−
k+p,ω′ > with

CN(k,p) = [(χ−1
N (k+p)−1)Dω(k+p)−(χ−1

N (k)−1)Dω(k)]
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Anomalies

The correction term is non vanishing in the N →∞ limit.
By a multiscale analysis it is found, in the limit of removed
cut-off (Mastropietro JMP 2007)

lim
N→∞

∆N(k,p) = τ < ρ̂p,−ωψ̂
+
k,ω′ψ̂

−
k+p,ω′ >

with

τ =
λ̃∞
4πc

The coefficient τ is linear in λ̃∞: in the case of the axial
WI, this is the non-perturbative analogue of the anomaly
non renormalization in QED4 (the above WI were
postulated by Johnson (Nuovo Cim. 1961) using a
self-consistence argument).
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Multiscale analysis for ∆N(k,p); decomposition of the new

terms with terms with marginal dimension, νN = λ̃∞
4πc

.



New relations for the lattice model

Similarly we get two Ward Identites for the densities for
which an exact expression for them is obtained

K̂
(a)1,1
λ (p) =

1

4πvsZ 2

(Z̃ (1))2

1− τ 2
[
D−(p)

D+(p)
+

D+(p)

D−(p)
+ 2τ ]

K̂
(a)0,0
λ (p) =

1

4πvsZ 2

(Z̃ (0))2

1− τ 2
[
D−(p)

D+(p)
+

D+(p)

D−(p)
+ 2τ ]

where τ = λ∞
4πvs

, Dω(p) = −ip0 + ωvsp. In order to get
that it is essential that we can study both models via
multiscale analysis.

Z̃ (0) 6= Z̃ (1) as irrelevant terms breaks Lorentz symmetry;
vs ,Z , λ∞, Z̃

(0), Z̃ (1) depend from all microscopic details.



New relations for the lattice model

Similarly we get two Ward Identites for the densities for
which an exact expression for them is obtained

K̂
(a)1,1
λ (p) =

1

4πvsZ 2

(Z̃ (1))2

1− τ 2
[
D−(p)

D+(p)
+

D+(p)

D−(p)
+ 2τ ]

K̂
(a)0,0
λ (p) =

1

4πvsZ 2

(Z̃ (0))2

1− τ 2
[
D−(p)

D+(p)
+

D+(p)

D−(p)
+ 2τ ]

where τ = λ∞
4πvs

, Dω(p) = −ip0 + ωvsp. In order to get
that it is essential that we can study both models via
multiscale analysis.

Z̃ (0) 6= Z̃ (1) as irrelevant terms breaks Lorentz symmetry;
vs ,Z , λ∞, Z̃

(0), Z̃ (1) depend from all microscopic details.



Sketch of the proof

On the other hand the parameters are not all independent;

the condition Dλ(0, p) = 0 fixes the value of K̂
(b)1,1
λ (0).

From the WI of the effective model

Z̃ [−ip0
1

Z̃ (0)
<̂ρ̂pâ

+
k â−k+p > +pvs

1

Z̃ (1)
< ĵpâ

+
k â−k+p >] =

=
1

1− τ
[< â+

k â−k > − < â+
k+pâ

−
k+p >]

The bare parameters are not independent but fixed by the
lattice WI

1

1− τ

Z̃ (0)

Z̃
= 1

vs Z̃
(0)

Z̃ (1)
= 1
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+
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+ O(p)

D̂λ(p) =
Kvs

π
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0
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0 + v 2

s p2
+ O(p)

with K = 1−τ
1+τ

, and the theorem follows

Crucial role of the irrelevant terms; in field theoretic RG
they are neglected, but the problem is exactly to show
that universality persists even taking them into account.

Extension to spinning 1D fermions (Hubbard model) done
in Benfatto-Falco-Mastropietro (2013); higly non trivial
due to log-divergences modulating the power law.

Hopefully an extension of the RG analysis at β <∞ is
possible (Big debate on Dβ).
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Hubbard model on the honeycomb lattice

HU = −t
∑

~x∈Λ,i=1,2,3

∑
σ=↑↓

(
a+
~x ,σb−

~x+~δi ,σ
+ b+

~x+~δi ,σ
a−~x ,σ

)
+

U
∑
~x∈Λ

i=1,2,3

∑
σ,σ′

(
a+
~x ,σa−~x ,σ −

1

2

)(
b+

~x+~δi ,σ′
b−

~x+~δi ,σ′
− 1

2

)
a±~x , b

±
~x fermionic operators,

~δ1 = (1, 0) , ~δ2 = 1
2
(−1,

√
3) , ~δ3 = 1

2
(−1,−

√
3), Λ ≡ ΛA

periodic triangular lattice

A B

1

2

3

l
1

l
2



Physical observables

1 Ψ±
~x ,σ =

(
a±~x ,σ, b

±
~x+~δ1,σ

)
, Ψ±

x,σ = eHx0Ψ±
~x ,σe−Hx0 with

x = (x0, ~x) and x0 ∈ [0, β], for some β > 0.

2 If S(x− y) = 〈Ψ−
x Ψ+

y 〉β we denote by Ŝ(k) the F.T.,

k = (k0, ~k), k0 = 2π
β

(n0 + 1
2
) : n0 ∈ Z, ~k ∈ B the first

Brillouin zone.
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The 2-point function for U = 0

1

S0(k) =
1

k2
0 + |v (0)

F Ω(~k)|2

(
ik0 −v

(0)
F Ω∗(~k)

−v
(0)
F Ω(~k) ik0

)
,

v
(0)
F Ω(~k) = t

∑3
i=1 e i~k(~δi−~δ1) = t(1 + 2e−i3/2k1 cos

√
3

2
k2).

2 If ~p ±
F = (2π

3
,± 2π

3
√

3
), v

(0)
F = 3

2
t close to a Dirac propagator

(massless Dirac in 2 + 1 while in the previous case 1 + 1)

S0(k + p±F ) ∼

(
ik0 v

(0)
F (ik ′1 ∓ k ′2)

v
(0)
F (−ik ′1 ∓ k ′2) ik0

)−1

,
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The dispersion relation



The optical conductivity

The currents are (spin is understood)

~̂
J~p = iet

∑
~x∈Λ

,j

e−i~p~x~δjη
j
~p

(
a+
~x b−

~x+~δj
− b+

~x+~δj
a−~x
)

= v
(0)
F
~̂j~p

with ηj
~p = 1−e

−i~p~δj

i~p~δj
; sum of the three bond currents

The conductivity at imaginary frequencies by Kubo
formula is ω = 2π

β
n

σβ
lm(iω) = − 2

3
√

3

e2

~ω

[
(v

(0)
F )2 < ĵl ,ω,0; ĵm,−ω,0 >β +∆β

lm

]
,

where 3
√

3/2 is the area of the hexagonal cell,
< ĵl ,ω,~p; ĵm,−ω,~p >= FT (< ĵl ,x0,~p; ĵm,y0,−~p >).
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The optical conductivity for U = 0:
theoretical predictions

Stauber, Peres, Geim PRB (2008)

lim
ω→0

lim
β→∞

σβ
lm(ω + i0+) = δlmσ0 σ0 =

πe2

2h

Universal conductivity (t independent) for ω small and
greater than β−1. Finite as the density of states is
vanishing.



The optical conductivity: experiments

Nair et al. Science (2008). The conductivity in a frequency

range β−1 << ω << t is σ0 = πe2

2h
(universality) up a few

percent (In the same range the conductivity for N-layer

graphene is σ0 = N πe2

2h
up a few percent.)

They measure the transparency T of light and from that the
conductivity T (ω) = 1/[(1 + 2πσ(ω)]2 (in the fig. called

G ((ω)). Between 2 and 3 eV σ(ω)
σ0

= 1.01± 0.03



Experiments and some puzzle

The electron-electron interaction is large e2/ 6 hv 0
F ∼ 2.18

Why the conductivity is universal, that is there is no an
essential many body renormalization in the conductivity?

Exacerbating the problem, in other experiments the
interaction appear. Ellis et al Nat. Mat. (2011): the
Fermi velocity is strongly enlarged by the interactions at
low frequencies.

There is a large debate in current times on the graphene
conductivity. In particular some people have found
interaction dependent corrections while others objects that
these are spurious effects due to the uv regularizations.
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Universality of the conductivity

Giuliani, Mastropietro. CMP 293,301 (2010); PRB(R)79,
201403 (2009); Giuliani, Mastropietro, Porta. PRB 83,
195401 (2011); CMP 311,317 (2012).

Theorem

For |U | ≤ U0 and any fixed ω, σβ
lm(iω) is analytic in U

uniformly in β and

lim
ω→0+

lim
β→∞

σlm(iω) =
e2

h

π

2
δlm .

while the Fermi velocity vF = 3/2t + aU + O(U2) with
a = 0.511....

While the Fermi velocity and the wave function
renormalization are renormalized vF (U) > vF (0) the
conductivity is protected: radiative corrections cancel out.
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Proof.

The correlation is then written as a convergent (due to
Gram bounds) tree expansion at weak coupling and , if

K̂lm(p) is the FT of 〈Jl ,x; Jm,y〉 and K̂0m(p) is the FT of
〈ρx; Jm,y〉, from the bound

|Kµ,ν(x)| ≤ C

1 + |x|4
,

K̂µν(p) is continuous at p = 0

Now the WI implies that the Drude weight is vanishing

σlm = − 2

3
√

3
lim

ω→0+
lim

β→∞

1

ω

[
K̂lm(ω,~0)− K̂lm(0)

]
.

Kl ,m(p) is even: if the derivative were continuous the

conductivity vanishes. But is not. (CFR 1D K̂l ,m non
continuous σ(0) = ∞)
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The current-current function

As a result of the Renormalization Group analysis and tree
expansion

K̂lm(p) =
ZlZm

Z 2
〈̂jp,l ; ĵ−p,m〉0,vF

+ R̂lm(p)

where 〈·〉0,vF
is the average associated to a non-interacting

system with Fermi velocity

vF (U) =
3

2
t + dU + .. Zµ = 1 + aU + bU2 + ..

and

|Rlm(x, y)| ≤ C

1 + |x− y|4+θ

with 0 < θ < 1 (power counting improvement due to

irrelevance), so that R̂lm(ω,~0) is continuous and
differentiable at p = 0.



Implications of WI

1 By the lattice WI again we get relations between the bare
parameters

Z0 = Z , Z1 = Z2 = vFZ .

2

K̂lm(p) = v 2
F 〈̂p,l ; ̂−p,m〉0,vF

+ R̂lm(p)

3 Note that K̂lm(p) is even
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Universality of the conductivity

Finally

σ11 = − 2

3
√

3
lim

ω→0+

1

ω

[(
R̂11(ω,~0)− R̂lm(0,~0)

)
+
(
v 2
F 〈̂j(ω,~0),l ; ĵ(−ω,~0),m〉0,vF

− v 2
F 〈̂j0,l ; ĵ0,m〉0,vF

)]
.

The first term is differentiable and even hence vanishing,
while the first term is identical to the free one so it does
not depend from vF
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Graphene with long range interaction

In the case of graphene with Coulomb interactions it has
been predicted that again the conductivity is equal to the
non interacting case.

This is consequence of the Fermi velocity divergence, a
rather unphysical phenomenon.

However if we take into account retardation effects, there
is emergence of Lorentz symmetry and the Fermi velocity
flows to the light velocity (Giuliani Mastropietro Porta
Ann. Phys. 2012).

In this case the conductivity is different from the non
interacting one, but still universal (Herbut-Mastropietro
PRB 2013) does not depend from the material
parameter.[Results order by order in the perturbative
expanasion]
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Conclusion

Solid state physics provide realization of QFT models at
low dimensions and with cut-offs.

Rigorous RG methods allow the proof of several
universality properties.

Lattice effects are important even if they are irrelevant in
the RG sense.

(Non trivial) extensions would include finite temperature
effects (role of integrability) and disorder.
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